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Abstract 

We will revise Garnier-Okamoto's coalescent diagram of isomonodromic defor- 
mations and give a complete coalescent diagram. In our viewpoint, we have ten 
types of isomonodromic deformations and two of them give the same type of the 
Painleve equation. We can naturally put the thirty-fourth Painleve equation in our 
diagram, which corresponds to the Flaschka-Newell form of the second Painleve 
equation. 

1 Introduction 

In this paper, we will revise Garnier-Okamoto's coalescent diagram of isomonodromic 
deformations jSj and will show a complete coalescent diagram. In the original form, the 
Painleve equations are classified in six types. But in our picture, there exist ten different 
types of isomonodromic deformations. Since two of them give the same type of the 
Painleve equation, the Painleve equations are classified in eight different types. 

We will also show that the Painleve equations are classified in five types as a nonlinear 
single equation. Especially we show a unified equation of the fourth Painleve equation and 
the thirty-fourth Painleve equation. These five types are classified into fourteen types by 
scaling transformations. We exclude four types of them since they are quadrature. The 
remaining ten types of equations correspond to the different singularity types of isomon- 
odromic deformations. In our form, it is easy to understand the relation between the type 
of the Painleve equations and the singularity type of isomonodromic deformations. 

It is known that different forms of isomonodromic deformations 

dY dY 

^ = a(,, w 7jr = fl(*,«)y 

exist for some types of the Painleve equations. One of the most famous example is the 
Flaschka-Newell form pQ and the Miwa-Jimbo form [H] for the second Painleve equation 
P2(a) 

y" = 2y 3 + ty + a. (1) 



The Flaschka-Newell form (FN) is 



The Miwa-Jimbo form (MJ) is 
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We take a slightly different form from the original Flaschka-Newell form. Our form is a 
'real' form in a sense. A FN (x, t) has an irregular singularity of the Poincare rank three 
at x = oo and a regular singularity at x = 0. A MJ (x, t) has an irregular singularity of 
the Poincare rank three but has no other singularities. They are not connected by any 
rational transform of the independent variable. 

In this paper, we show that both (MJ) and (FN) comes from different degeneration 
from the sixth Painleve equations. Moreover, we will show that it is natural to con- 
sider (FN) is a deformation for the thirty-fourth Painleve equation P34(a) in Gambier's 
classification [3] 
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which is equivalent to the second Painleve equation. Instead of the original P34, we 
change the sign t — > —t. We call this equation as P34'. 

It is known by Gamier and Okamoto that all types of the Painleve equations are 
represented as isomonodromic deformations of a single linear equation with order two 
jH]. (MJ) is essentially equivalent to the Garnier-Okamoto form. From the viewpoint 
of Garnier-Okamoto form, we obtain a well-known coalescent diagram of the Painleve 
equations: 

y(2 + 2k 

(1 + 1 + 1 + 1)^(1 + 1 + 2)/ y (4) — (7/2) 

\l + 3)/ 

Here (j) is a pole order of the connection A(x, t). This diagram is easy to understand and 
explains coalescence of the Painleve equations j!2j . But it seems that (FN) is out of the 
coalescent diagram since the type of singularities of (FN) is (1 + 4). Later we will show a 
complete coalescent diagram of the Painleve equations from the sixth Painleve equations, 
which contains (FN) as the type (1 + 5/2). 

Before we show the complete coalescent diagram, we will review the third Painleve 
equation P3 

n 1 /2 y' . ay 2 + (3 . 3 . S ( a\ 
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P3 is divided into four type 

(P3-A) 7 ^0,5^0 

(P3-B) 7^0, 5 = or 7 = 0, 5^0 

(P3-C) 7 = 0, 6 = 

(P3-D) a = 0, 7 = or (3 = 0, 5 = 0, 



Since the case (P3-D) is quadrature, we exclude the case (P3-D). The cases (P3-A), (P3- 
B) and (P3-C) are called the type the type the type respectively The 
meaning of type is the Dynkin diagram of the intersection form of boundary divisors of the 
Okamoto initial value spaces . In |Hj we show that the corresponding linear equations 
for and type has singularities of type (l)(l/2) and (1/2) 2 . These three different 
types of the third equations are noticed by Painleve [TT] . 
In the same way, the fifth Painleve equation 

" = \Ty + —l) V -t y+ ^^[ ay+ y) +1 t +6 ^T' (5) 

has three type 

(P5-A) 5^0 
(P5-B) 5 = 0,7 ^ 
(P5-C) S = 0,7 = 

(P5-A) is a generic case. In the case (P5-B), the fifth Painleve equation is equivalent to 
the third Painleve equation of type D$ . In the case (P5-C), the fifth Painleve equation 
is quadrature and we exclude the case (P5-C). We denote the case (P5-B) as deg-P5. 

In this paper, we study a complete coalescent diagram of singularity type: 




The next diagram is the type of the Painleve equation corresponding to the singularity 
diagram: 
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In both diagrams, we have two boxes and four ovals. We will show that the Painleve 
equations in a box are equivalent (Theorem 1). The Painleve equations and their isomon- 
odromic deformations in an oval can be unified in one equation (Theorem 2). 

We add four new types to old diagrams. All of them have a singularity whose order is 
a half integer. The types (l) 2 (3/2), (l)(5/2), (l)(3/2) and (3/2) 2 correspond to deg-P5, 
P34, P3(-D^) and P3(Z?g^), respectively. The third Painleve equation of Dg type and 
the second Painleve equation have two different types of isomonodromic deformations. 
The type (0) 2 (l/2) is corresponding to the fifth Painleve equation in the case 5 = 0. A 
transformation between (FN) and type (l)(5/2) is also pointed out in We also add 
eight new arrows. We have two types of coalescence. One is confluence of two singularities 
( r i)( r 2) ~~ > ( r i + r 2)- The second is decrease in the Poincare rank (r) — > (r — 1/2) when 
r = 2, 3, 4. In the old diagram, the second type appeared only in the case P2 — > PI. 



Theorem 1 The coalescent diagram which starts a linear differential equation with four 
regular singularities consists of ten types of singularities. We obtain eight different types 
of the Painleve equations from this diagram. The third Painleve equation of type and 
the second Painleve equation have two types of isomonodromic deformations. 

The first Painleve equation PI 

y" = 6y 2 + t. 

can be considered as deg-P2. Painleve showed that a unified equation of PI and P2 |lUj : 

y" = a(2y 3 + ty)+P(Qy 2 + t) (6) 

In [TU], Painleve took (3 = 1. If a = 0, flU} is nothing but PI. We will show (JHJ) is 
equivalent to P2 if a ^ in the section |21 

deg-P5 is also a special case of P5, and P3(Dy ) and P3(Dg 1 ' ) ) are also special cases 
of P3. In the section |21 we show the equation P4_34'(a, (3, 7) 

y" = %- - + Pv&v + t) + iv{y + f)(3y + 1). (7) 
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is a unified equation of P4 and P34'. If 7 = 0, P4_34'(a, (3, 7) is equivalent to P34". If 
7^0, P4_34'(a, /3, 7) is equivalent to P4. The authors cannot find the unified equation 
(J7J) in literatures. 

Thus we obtain the following observation. 

Theorem 2 In the coalescent diagram, equations in an oval can be represented as one uni- 
fied equation. P5 and deg-P5 are unified as the standard fifth Painleve equation. P(Dg), 
P(D^ ) and P(D% ) are unified as the standard third Painleve equation. P4 and P34 are 
unified as flj|) . PI and P2 are unified as © ■ In an oval, coalescence reduces the Poincare 
rank of a singularity by 1/2. The corresponding linear equations are also unified in one 
unified equation. 

As a single nonlinear equations, the Painleve equations are classified into five types. 
Each type has a scaling transformation t — > c±t, y — > c^y except P6. Ee obtain eight types 
of the Painleve equations after we classify again each type by the scaling transformation, 

In the section El we review the Painleve equations. We will show that the Painleve 
equations in the same box is equivalent. In the section|HJ we show that (FN) comes from an 
isomonodromic deformation of the type (l)(5/2). We will give two types of isomonodromic 
deformations of the Painleve equations. One is the canonical type in the section 01 This 
form is easy to study when we consider ten types of the Painleve equations. And the 
most of the Hamiltonians are polynomials. In the section 14.21 we give a degeneration of 
the extended linear equation 

d 2 u du 

d^ +P ^ X,t ^ + q ^ X,t ^ U= ' 

du , .du 

— = a(x,t)— + b{x,t)u 

at ox 

of the Painleve equations. The second is SX-type in the section ED In this form the 
extended linear equations of the Painleve equations in the same oval are also unified in 
one linear equations . But the Hamiltonians are not polynomials in this form. Most of 
equations and degenerations are already listed in 0, but we correct misprints in jH]. 
The authors thank to Professor Hiroyuki Kawamuko for fruitful discussions. 



2 List of the Painleve equations 



In this section we list up the Painleve equations in unusual way. This classification is 
essential for our coalescent diagram. We also give some equivalence between different 
types of the Painleve equations. We will give a proof of the second part of the Theorem 
1, although this is well-known. 

We list five types of the Painleve equations: 

Pl_2) y" = a (2y 3 + ty)+(3(6y 2 + t), 

V ft 

P4_34') y" = y —-- + (3y(2y + t) +1 y(y + t)(3y + t), 

t>q\ // 1 ,2 y' ay 2 + P . 3 , s 
P3 y = -y - — + — t — +1V +- 
y t t y 

« ( l 1 \ > 2 1 i Ay- l ) 2 ( ,P\, y . My + 1 ) 
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P6) y" = : + — + — h/'- +-T + —!/' 
2 \y y-l y-tj \t t-l y-t; 
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Here 7, 5 are complex parameters. Pl_2, P4_34', P3 and P5 have a scaling transfor- 
mation. We will classify five types to fourteen types by scaling transformations. 

2.1 Unified equation of PI and P2 

By the scaling transformation y — > cy, t — > c 2 t, Pl_2(a,/3) is changed to Pl_2(c 6 a, c 5 /3). 
Pl_2(a,/3) is divided into three types 

(Pl-A) a ^ 0, 
(Pl-B) a = 0,(3 ^ 0, 
(Pl-C) a = 0,(3 = 0. 

Lemma 3 The case (Pl-A) is equivalent to P2 and the case (Pl-B) is equivalent to PI: 

PI) y" = Qy 2 + t, 

P2) y" = 2y 3 + ty + a. 

The case (Pl-C) is trivial. 

Proof. In the case (Pl-B), we can set (3 = 1 by a scaling transformation and Pl_2(0, 1) is 
nothing but PI In the case (Pl-A), we set a = e 6 and change the variables 

y -> ye' 1 - (3e~ 6 , t -> te~ 2 + 6(3 2 e- 12 . 

Then we obtain P2 

y" = 2y 3 + ty+^. 

Therefore Pl_2(e 6 ,/5) is equivalent to P2(4/3 3 £- 15 ). n 



2.2 Unified equation of P34 and P4 

By the scaling transformation y — > cy, t — > ct, P4_34'(a, [3, 7) is changed to P4_34'(a;, 
c 3 j3, c 4 7). P4_34'(a, (3, 7) is divided into three types 

(P4-A) 7^0, 
(P4-B)/^ 0,7 = 0, 
(P4-C) (3 = 0,7 = 0. 

Lemma 4 T/ie case (PJ^-A) is equivalent to P4 and the case (P4-R>) is equivalent to P34- 
P34') y" = y — + 2y 2 + ty-—, 

PA) y" = ±y' 2 + 3 -y 3 + 4ty 2 + 2(t 2 -a)y+P. 

2y 2 y 

P2 and P34' are equivalent. The case (PJ^-C) is quadrature. 
Proof. In the case (P4-C), P4_34'(ct, 0, 0) has a solution 

C 2 -a 



y = dt 2 + C 2 t + 2 



4Ci 



In the case (P4-B), we can set (3 = 1 by a scaling transformation and P4_34'(a, 1, 0) is 
nothing but P34'(a). In the case (P4-A), we set (3 = <i 3 ,7 = 2e 4 and change the variables 

y^—, t -> £ -1 t - -7—7, a -> -/3/2. 
Then we obtain P4(d 6 £- 6 /16, /?) 

/=^' 2 + ^ 3 + 4^ + 2^-f| + ^ 
2y 2 8£ b y 

We will show the equivalence between P2 and P34'. The second Painleve equation (JTJ 
is represented by a Hamiltonian form: 

H»: { q ', = - q2 + p -'>' (8) 
p — 2pq + a, 

with the Hamiltonian 

1 2 f 2 t\ 
Hn = -p - [q +^Jp-aq. 

If we remove p from (|SJ), we obtain P2(a — 1/2). If we remove q from (jHJ), we obtain 
P34(a 2 ). Therefore P2 and P34 are equivalent. P34 and P34' are equivalent by t —>■ —t. 

More precisely, if y satisfies the second Painleve equation P2(a), the function p = 
y 2 + y' + t/2 satisfies P34((a + 1/2) 2 ). Conversely, If p satisfies P34(cy), q = j- (p' - y/a) 
satisfies P2{y/a - 1/2). 

□ 

Remark. If we choose — yfa instead of yfa, we obtain Y2{—^/a — 1/2) which is equiva- 
lent to P2(a/q ; — 1/2) by a Backhand transformation. The equivalence of P2 and P34 are 
known by 

We will use P34' instead of P34. If we change the sign of t, we obtain a canonical 
transformation (p, q, H, t) — * (q,p, H, —t): 

dp Adq- dH A dt = - (dq A dp - dH A d(—t)) . 



In the followings, we may use a = ±1 to express the both of P34 and P34': 




Similarly, we express the both of P4_34 and P4_34': 



y" = - — + (3y(2y + at) + iy (y + at)(3y + at). 



2.3 P3 



By the scaling transformation y — > cxy, t — > c%t, P3(a;, ft, 7, 8) is changed to P3(ciC2«, 
c-ijcxft, cfc|7, c\/c\5). P3(a, ft, 7, 8) is divided into four types 

(P3-A) 7 ^ 0, 5 ^ 

(P3-B) 7^0, 5 = or 7 = 0, 5^0 

(P3-C) 7 = 0, 5 = 

(P3-D) a = 0, 7 = or ft = 0, 5 = 0. 

(P3-A) is P3(D { ^), (P3-B) is P3( j dJ 1) ), (P3-C) is P3(Z^ 1} ) and (P3-D) is quadrature. 
In usual we fix 7 = 4,5 = -4 for P3(Z^ 1} ), a = 2, 7 = 0, 5 = -4 for P3(^ 1} ) and 
a = A, ft = -4,7 = 0,5 = for P3(D { ^). See 0. 

We will use another form of the third Painleve equation P3'(a, ft, 7, 5) 



since P3' is more sympathetic to isomonodromic deformations than P3. We can change 
P3 to P3' by x = t 2 ,ty = q. 



By the scaling transformation t — > ct, P5(a, ft, 7, 5) is changed to P5(a, ft, 07, c 2 5). P5(a, /3, 7, 
is divided into three types 

(P5-A) 5^0 
(P5-B) 7 ^ 0,5 = 
(P5-C) 7 = 0, 5 = 0. 

The case (P5-A) is a generic P5 and we call (P5-B) as deg-P5. In usual we fix 5 = —1/2 
for (P5-A) and 7 = -2, 5 = for (P5-B). 

Lemma 5 (P5-B) is equivalent to P3 r (Dg) and (P5-C) is quadrature. 
Proof. P3'(Dg 1 ' ) ) is represented by a Hamiltonian form: 



If we eliminate p from (jUJ) , q satisfies P3'(4(«i — /3i),— 4(a 1 + fti — 1),4, —4). If we 
eliminate q from (jUJ) and set y = 1 — 1/p, y satisfies deg-P5(af/2, —ftf/2, —2, 0). We can 
write down y directly by q: 




2.4 P5 




(9) 



with the Hamiltonian 



= tq' -q 2 - (ax + ft 1 )q - t 
V tq' + q 2 - ( ai + ft 1 )q - t 

Therefore deg-P5 is equivalent to P3(-Dg^). This is known by [3]. 



□ 



2.5 Summary 



If we classify the five types of the Painleve equation by scaling transformations, we obtain 
fourteen types of equations. Four of them are quadrature. Thus we have ten types of the 
Painleve equations: 

(Pl-A), (Pl-B), (P4-A), (P4-B), (P3-A), (P3-B), (P3-C), (P5-A), (P5-B), 
(P6). 

(Pl-A) and (P4-B) are equivalent and (P3-A) and (P5-B) are equivalent. 

3 The Flaschka- Newell form and P34 

In this section we will prove that (FN) comes from isomonodromic deformations of type 
(1) (5/2) and show that it it natural to consider the Flaschka- Newell form as an isomon- 
odromic deformation of P34 not of P2. This proves the rest part of the Theorem ^ The 
relation between the Flaschka-Newell form and P34 are noticed by Kapaev and Hubert 

mm 

At first we will review the Poincare rank of irregular singularities. We consider a linear 
equation 

d 2 u , .du , s , . 

d^ + Pl{x) d^ +P2{x)u = °- (10) 

Assume that 

Px(x) = c x k + c\x k ~ l + ■ ■ ■ , p2(x) = d x l + d\x l ~ x + • • • , 

around x = oo and Cq, d are not zero. If 

r = max (k + 1, (I + 2)/2) 

is positive, x = oo is an irregular singularity of (jiup . We call r as the Poincare rank of 
(jl(J|) at x = oo. The Poincare rank r may be a half integer. If x = oo is an irregular 
singularity with the Poincare rank r, (fTUj) has solutions with an asymptotics 

Uj ~ exp (KjX r ) . 

Proposition 6 The Flaschka-Newell form of P2 is a double cover of a linear equation 
of the singularity type (l)(5/2). If we write the equation of the type (l)(5/2) as a single 
equation, the apparent singularity satisfies P34- 



Proof. We consider the following deformation equation. 



dZ 
dw 
dZ_ 
~dt 



2w 


y -w 

-1 -y 



-2y -y 2 -z-t/2 
2 2y 



-a +1/2 

-2y 2 + 2z-t a -1/2 J 2w 



'ID 



Z. 



By the compatibility condition, we obtain P2(«) 

y = z, z' = 2y 3 + ty + a. 
If we change w = x 2 and Z = RY where 

-\l\fx \l\fx 



we obtain the FN form (J2J). Since the exponents of ([11)1 at w = oo coincide, the Poincare 
rank at w = oo in (jTTjl is (3/2). We will rewrite (fTTj) as a single equation of the second 
order. 

We change the variables 



w 



w 



Then (|11|) is changed to 



dZ 
dw 
dZ_ 
~dt 



p x/2 — q/2 
1 — p 

-p —x/2 
-1 p 



The compatibility condition is 



+ 



-a/2 + 1/4 
q-2p 2 -t a/2 -1/4 



1 



(12) 



We set 



p = p 



-2pg + ( a + - 
H 2 



Eliminating u 2 from (jUj) , we get a single equation for u = u^. 

d 2 u du 

du du 

-fo =a{w,t)— + b{w,t)u, 



where 



P i(w,t) 



1 



w — q 

a(w, t) 



1/2 — a . , u> t 

+ ^ , P2(w,t) = -- + - 

w 2 2 



n 



31 



w — q 



-, b(w,t) 



pq 



w — q 



H 



31 



-gp 



9 



« + n P + TT _ n^9- 



pq 



(13) 



(14) 



w w(w — q) 



The isomonodromic deformation is equivalent to the Hamiltonian system (fT3*|) with the 
Hamiltonian 7-^34. If we eliminate p from (|13)1. we obtain P34((a + 1/2) 2 ) for g. 

The first equation of (JUj) has an regular singularity w = and an irregular singularity 
of the Poincare rank 3/2 at w = 00. It also has an apparent singularity w = q. When 
we write the Painleve equations as isomonodromic deformations of linear equations of 
the second order, they have an apparent singularity. And the apparent singularity is the 
Painleve function. Moreover 

p = Res w=q p 2 (w,t) 

is a canonical coordinate (SJ. In the Flaschka- Newell case, the apparent singularity q 
satisfies P34 but not P2. □ 



4 Isomonodromic deformations of canonical type 



This section is the revision of the section 4.3 in 0. In this part, we list up isomonodromic 
deformations of the canonical type Lj\ 



d^u du 

— + p(x, t)j- + q(x, t)u = 0, 

ox z ox 

du . .du , . 

~dt =a ( x »0^: + 



(15) 



The extended linear equation Lj is called the canonical type if it is obtained from the 
canonical type equation L VI by the process by step-by-step confluence. And the Fuchsian 
equation Lyi is called the canonical type if either of the local exponents at any singular 
point is zero. The compatibility condition of ()15j) is 

p t (x, t) - (p(x, t)a(x, t)) x + a xx (x, t) + 2b x (x, t) = 0, 
q t (x, t) - 2q(x, t)a x (x, t) - q x (x, t)a(x, t) + p(x, t)b x (x, t) + b xx (x, t) = 0. 

The second equation is an essential deformation equation and is a Hamiltonian system 
with the Hamiltonian Tij. b(x, t) is determined from the first equation by integration and 
if we change b(x,t) — > b(x,t) + s(t), the compatibility condition is also satisfied. We can 
eliminate s(t) by the transformation u —>■ wexp J s(t)dt. In the following list, we may 
change b(x,t) up to an additive term s(t). 



4.1 List of canonical type 



We have ten types of isomonodromic deformations: PI, P2, P34, P3'(D^), P3'(-D7 ,. 
P3'(_Dg 1 ' ) ), P4, P5, deg-P5 and P6. We will show isomonodromic deformation not only 
for P3' but also for the original P3. We need two types of P3'(D^) for degeneration 
from deg-P5. One is the case 7 = and the other is the case 6 = 0. We also show the 
isomonodromic deformations for Pl_2 and P4_34. But these unified equations are not 
necessary for degenerations. 

We will list up seventeen types, but they are classified in ten types up to algebraic 
transformations. We will show the degeneration diagram: 



P6 



P5 



P3(L>n-2 =P3(L>{ 1 




P3(D 



P3(D 



(l)^ 



PI 



Here double lines mean algebraic transformations and equations in a box are equivalent 
to each other. 



Painleve 1_2: 



Painleve I: 



Painleve II: 



p(x, t) = —2l]X — 7]t 



1 



x-y 



q(x, t) = -4f3x 3 -{r] + 2{3t)x -2H 12 + ——■ 

x-y 

a{x, t) = 



b(x,t) 



2{x-yY 



2{x-y) 



n 1J2 = \z 2 - [r\y 2 + ^tj z - 2[3y 3 - t(5y - ^rjy. 

a = rj 2 . 



> \ 1 
p{x,t) = 



x-y 



q( x , t) = -Ax 3 - 2tx - 2Hi + — ^— , 

x-y 

b(x,t) ■ 



2(x- y y 

Hj = -z 2 - 2y 3 - ty. 



p(x, t) = -2x 2 - t - ' 



x-y 

q(x, t) = -{2a + l)x - 2H n + — ^— , 

x-y 

1 

a(x, t) 



b(x,t) 



2(x-yY 

y z 



2 2(x-y)' 



Hu = \z 2 - (y 2 + \t J z - (a + i ) ,,. 



Painleve 4_34: If a = +1, this gives P4_34'. If a = -1, this gives P4_34. 



t) = — arjt H 77a; 



x x — y 



g(x,t) = — + — - + 



4 2 x x(x — y)' 

a(x, t) 



&(x,t) 



x — y 
oyz 

x-y 



2 , /1 \ f Q 2 ( K o — i)?A 
n 4 .34 = cryz -cr(r]y - 9y + k ) z + a I — H - 1 y - 77*2/2. 



a = nl, f3 = -rfi, 7 = -jtf ■ 



Painleve 34: If a = +1, this gives P34'. If a — —1, this gives P34. 

p(x,t) ■■ 



1 1 ~ kq 
x — y x 
x at crHu 

ax 

x-y 
cryz 

x-y' 



+ 



yz 



x x(x — y)' 



q(x,t) 
a(x, t) 
b(x,t) 



H 3 4 = cr [yz -k z- — \- -ty. 



a = K r 



Painleve IV: 



Painleve III(Z^ 



p(x,t) = 



1 — kq x + 2t 



X 



x-y 

yz 



q(x,t) = ]-9oo - ^ + , 

2 2x x(x — y) 



a(x, t) 



2x 



x-y 

b{x,t) = -\{y + 2t)--^. 

2 x — y 

Htv = 2yz 2 - (y 2 + 2ty + 2k )z + O^y. 

a = -k + 29^ + 1, = -2k 2 . 



p(x, t) = ^ + - — — - rj^t — , 

x A x x — y 



q(x,t) 
a(x, t) 



Voo(9o + 8oo)t tUiu + yz 



2x 

2yx x 



2x 2 



+ 



yz 



x(x - y)' 



t(x -y) t ' 
2y 2 z 



b(x,t) = -rj^y - 



t(x - y) ' 

tHm = 2y 2 z 2 - {277 00 *y 2 + (29 + l)y - 2 Vo t} z + rj^o + O^ty. 
a = -4^^, /3 = 4?7 (1 + e ), 7 = Arfc, 5 = -4^. 



Painleve lll(D^): The case 7 = 0. 



ar x x — y 



2x 2x 2 x(x — y) ' 



2yx x 
a ^ t) = t(x-^y) + T 



b(x,t) 



2y 2 z 



t(x - y)' 

tH D7 = 2y 2 z 2 - {(26 + l)y- 2 Vo t} z + Q^ty. 
a = -40^, = 4(6 + l)vo, 1 = 0, 5 = -Ar] 2 . 

Painleve m(D^)-2: The case 5 = 0. 

/ x 1 1 

p(x,t) = -rj^t H , 

x x — y 

q{x,t) — -+- + 



2a; 3 2a; 2 2a; x(x — y)' 



, . 2ya; a; 
a(x ' t) = t(^) + t' 



2y 2 ^ 



&(x,t) 



t(a; - y) 



tH D7 - 2 = 2y 2 z 2 - {2r] OQ ty 2 + y) z + O^^ty + — . 
a = -4^00, (3 = 4# , 7 = Arfc, 5 = 0. 



Painleve IIIp^): 



/ \ 2 1 

p(x,t) = , 

x x — y 

= 773 7T-o + 77" + 



2 VX . a: 



&(x,t) 



Painleve III / ( J D^ 1) ; 



2a; 3 2a; 2 2a; x(x — y) ' 

y 

2y 2 z 
t(x-yY 

tH Ds = 2y 2 z 2 + yz + ty + -. 

y 

a = -4, (3 = 4, 7 = 0, 5 = 0. 



pOM) = — + — ^oo - 



ar a; a; — y 

/ ^ = ^oo(0Q + flop) _ ffl^ 

2a; x 2 x(x — y) ' 

t(x-yY 



a(x, t) 
b(x,t) 



y 2 z 



t(x-y)' 



tH' De = y 2 z 2 - {ri^y 2 + 6 y - r] t} z + ^oo(#o + Ooo)y- 
a = = 4?7 (1 + 9 ), 7 = 4^, 5 = -4r] 2 . 

Painleve III^D^): The case 7 = 

v(x t ) = ^ + i— ^ - - J- 

ar x x — y 



a(x, t) 
&(x,f) 



x 2 2x x(x — y) ' 
yx 



t(x - yY 

y 2 z 



t(x - y)' 

0.. 



tH' Dr = y 2 z 2 + {-e o y + Vo t)z + -?-y. 
a = -4000, = 4(6 + l)r7o, 7 = 0, 5 = -4 % 2 . 

Painleve III / ( J D^ 1) )-2: The case 5 = 

, \ 1 1 

p(x, t) = -r^oo + - 



x x — y" 



g(x,t) = ^ + ^-^V+ 1 



a(x, t) 
b(x,t) 



2x 3 2x x 2 x(x — y) ' 

yx 

t(x - y) 1 

y 2 z 



t(x-yY 



,njl 2 2 2 1 @ooVoo $0^ 

t^D 7 -2 = y z - riocy z + -^—y + -^j- 

a = -4^00, p = 46 , 7 = 4^, 5 = 0. 



Painleve UV(D 



p(x,t) 

q(x,t) 
a(x, t) 

b(x,t) 



x x — y 
t tH' D 1 yz 



2x 3 x 2 2x x(x — y) 

yx 
t(x - yY 
y 2 z 



t{x-yY 



tn' D8 = y 2 z 2 +yz+ y - + 



y t 

— H . 

2 2y 

a = -4, p = 4, 7 = 0, 5 = 0. 



Painleve V: 



, . 1 — Kq rit 1 — 9 1 

p(x, t) = °- + 1 + , 

x [X — l) z x — 1 x — y 

q(z,t)= r A_ - , m v + y(y ~ 1)Z 



a(x, t) 
b(x,t) 



x(x — 1) x(x — l) 2 x(x — l)(x — y) ' 
y — 1 x(x — 1) 
t rr — y ' 
y(y- !) 2 ^ 



t(x-y) 

tH v = y{y - 1) V - {« (y - i) 2 + Oy(y - 1) - ^y} * + «(?/- l). 
li l 

« = T^L £ = _ 2 K °' 7 = ~^ + ^ 5 = 

1 1 
re = -(k + 6) 2 - 



Painleve deg-V: 



p(x,t) = + 1 



g(x,f) 
a(x, t) 
&(x,t) 



rr — 1 x x — y 

it k tH V d y{y - 1)2 



2(rr — l) 3 x(x — 1) x(x — l) 2 x(x — l)(x — y) ' 
y — 1 x(x — 1) 

£ rr — y 

y(y- 1) 2 2 



t(x - y) 



Wy d = y(y - 1) V - re (y - l) 2 z + re(y - 1) + 



2(y-i)' 

11 11 



Painleve VI: 



l-Ko l-«il-0 1 
t) = + + , 

x x — 1 x — t x — y 

?(*, t) = - f - , - * ( * " ^ , + ^ " 1)2 



a(x, t) 
b(x,t) 



x(x — 1) x(x — — t) x(x — l)(x — y) 

y — t x(x — 1) 
t(t — 1) x — y 

y(y-i)(y-t)z 

t(t-l)(x-y) " 



t{t-l)H VI = y{y-l){y-t)z 2 

- {re (y -l)( y -t) + Kl y{y -t) + (6- l)y(y - 1)} z + re(y - 

K=- 4 {K, + K l +d-l) 2 --^l . 



4.2 Degeneration 



In this section we list up all of degeneration of the Painleve equations and extended 
linear equations Lj. Here we consider degeneration of the extended linear system, which 
includes a deformation equation. In some cases, we should take a change of the dependent 
variable u — ► f(x,t,e)u. In |8jj Okamoto did not treat the extended linear equations. If 
b(x, t) is changed up to a function r(t) in the limit, we denote b — > b + r. 

P6^P5: We change the variables 

t-*l + et, Ki -> e' X T] + 9 + 1, 8 -> -e~V 

(a — > a, /3 — > /3, 7 — ► -fe~ 2 + je' 1 , 5 — > 5e~ 2 ). 
In the limit e — > 0, Lyj goes to Ly and 

Wvi-^e-^v + OCe ), (e -►()). 
P5— >deg-P5: We change the variables 

7 -i 

Z — > Z H ; -, 77 — > £, — » 7£ . 

2e(y-l)' ' 

Then 2 

Wv + ^Wvd + OCe 1 ), (e-0). 

For we change 

it — > (x — l) e/2 u 

and b —>■ b — 6(y — l)/(2t) at first. Then Ly goes to Ly^ in the limit e — > 0. 
P5^P4: We change the variables 

t -»• 1 + v^et, 7/ -> -^=7/, z -> >/2e -1 z, x -> -^=x, 

K oo - ^ £~ 2 , $ — ► £ 2 + 2^oo — «o> ?7 — * ~~ £_2 j 

(a -> e- 4 / 2 , /? -> /3/4, 7 -> -e -4 , 5 -> -£~ 4 /2 + ae~ 2 ), 

After changing variables, we set tj — > exp(£ _1 i/\/2)tt. Then in the limit e — > 0, goes 
to L/y with b^b + t + y/2 and 

(fty + («o + 0) 2 -«^ _ e -i (Wjy + 2 ^ t) + O(£ o ); (£ ^ Q) 

P5— >P3'(Dg ): We change the variables 

7/ — > 1 + ey, z — > z/e, x — > 1 + ex, 

/ 1-2 1 _i £~ 2 7 e/3 . e 2 5. 

(a — > -e 7H — £ a, p — >• , 7 — >■ — , — > — ). 

v 8 '4 ,H 8'' 4' 8 7 

In the limit e — » 0, Ly goes to L£> 6 and 

H v ^H' D6 +0(e l ), (e-0). 



deg-P5^P3 / (L>7 1 ' ) )-2: We change the variables 

y — > 1 + ey, z — > e -1 ^, x — > 1 + ex, 

/too -»• ^^oo, «0 -»• ^ _1 ^oo + #oc, 7 -»■ ^0^/4, 

(a -> -e _2 7/8, /3 -> £ _1 a:/ 4 , 7 -> /3e/4). 
In the limit £ — * 0, L Vd goes to Ld 7 -2 and 

Hva^ H D7 -2 + 0(e), (e->0). 

deg-P5— >P34: We change the variables 

i — > 1 + <x£ 2 t, y — > £ 2 y, 2 — > 2£~ 2 , x — > £ 2 x, 

/too -> ffV^e" 3 , 7 ^~ 6 , 
(a -> -£~ 6 , /3 -> -a/2, 7 -> £" 6 ). 
In the limit e — > 0, Ly^ goes to L 34 and 

ft yd = £- 2 ( ff K 34 - t 2 /2) + (7i£- 4 /2 - £- 6 /2 + 0(£ _1 ), (e -> 0). 

P3' ^P3: This transformation is algebraic and we do not take any limit. If we change 
the variables 

t — > t 2 ,y — > ty, z — > z/t, x — > tx, 
Lj is changed to Lj with 6-^6 + if J = and 



lay , j/£. 

2t 3 2t 2 ' 



for J = ^ 1) , J D{ 1) , J D{ 1) -2,4 1) . 



P3'(D 6 ^) — >P3'(D^): We change the parameters 

In the limit £ — > 0, L' Dg goes to L' Dt and 

^d 6 =^d 7 + 0(£), (e->0). 
P3(D^ 1) ) -^P3(D^) is as the same. 
PS'(D^) -^P3'(D? ] )-2: We change the parameters 

2sy 

Then we have 

^d 6 + |-^d 7 -2 + 0(£), (e->0). 



4t 

For L^, , we change 



u -> x e ° /2 w 



at first. Then L' D(J goes to L' D7 _ 2 . P3(Z^ ; ) ->P3(Df ; )" 2 is as the same - 



P3'(D^) — »P3'(.D7 1 ' ) )-2: This transformation is algebraic and we do not take any limit. 
If we change the variables 

V -»• t/y, z -> (6>ooy/2 - y 2 z)/t, 

#0 — »• #00 — 1, #00 — > #0, V0 — > Voo, 

(a — > — /3, /3 — > —a, 5 — > —7). 

we have 

n D7 -n D7 . 2 t 4f 



For L / £ , 7 we change 



at first. Changing the variable x — > £/x, Ld 7 is changed to ££> 7 _ 2 with 6 — > b — yz/t. 
PS' (Dtp) -^P3'(D { ^): We change the variables 

t ->2f, y^2y, 2^z/2 + l/(4 £ y), 

770 ->e, #0 -> -1 + e" 1 , ^00 -> 1/2. 

Then 

«' D7 = i«' D ,-^ + ^ + 0( £ ), (^0). 

For L' Di we change 

u — > x^' 2 u 

at first. Changing the variable x — > 2x, L^, 7 goes to L' Dg in the limit e -> 0. P3(D? ) ) -^P3(D^ 1) ) 
is as the same. 

P3'(D^)-2 ->P3 / (.d£ 1) ): We change the variables 

t->-2t, ^z + l/(2y), 
^00 £, #0 - ► — 1/2) ^00 - ► ^ 1 - 

Then 

n' D7 . 2 = ~n' Da -^ + 0(e), (e->0). 



2 " 8 8t 

For L^, 7 _ 2 we change 



u — > x 1//2 u 

at first. Changing the variables, L' Dr _ 2 goes to L' D& in the limit £ -> 0. P3(D^ 1) )-2 
— >P3(Dg 1 ^) is as the same. 

P3(Dg 1 ^) ^P2: We change the variables 

t -> 1 + e 2 t, y -> 1 + 2sy, z -> 1 + x ^ 1 + 2ex, 

2e 

Vo -> -£" 3 /4, ^00 -> <r 3 /4, #0 -> -£~ 3 /2 - 2a - 1, ^ -> £- 3 /2, 



I, After changing variables, we set u — > exp(— e 1 t/4)u. Then in the limit e — > 0, L/) 6 
goes to L n and 

^d 6 + Vo(0o + ^oo) -> e- 2 H n + 0{e' 1 ), (e -> 0). 

P4^P4_34: This transformation is algebraic and we do not take any limit. We change 
the variables 

t^cret- £ _1 0/2, y -> 2ey, z -> £~V 2 > 
x -> 2ex, -> (/t - l)/2 + e- 2 6 2 /8, 
(a -> £- 6 /3 2 /16, /? -> -2a, 2e 4 -> 7) . 
Then L/y is changed to L 4 _ 34 with 6 — > 6 — ere 2 ?/ — e 2 t + a8/2 and 

Wjy = C£ 1 ^4_34 

for f] = 2e 2 . 

P4— >P2: We change the variables 

t ^ -£- 3 (l - 2" 2 / 3 e 4 t), y - e" 3 (l + 2 2 / 3 5 2 y), z - 2~ 2 / 3 £z, 
x -> £~ 3 (1 + 2 2/3 e 2 x), u -> exp(2" 5/3 £" 2 t)M, 
/to -> £" 6 /2, ^00 -> -a - 1/2, ( a -> -2a - -L /3 



2e 6 ' ^ 2e 12 
In the limit e ^ 0, L/y goes to Ljj and 

W/v -> 2 2/3 £- 1 H // - e~ 3 (a + 1/2) + O(e ), (e -> 0). 

P4^P34: We change the variables 

£ -> ££ + cr£~ 3 /4, y -> 2<7£y, 2 -> ae~ l z/2 + cr£~ 3 /8, 

a; — > aex, u — > exp — -w, 
8£ d 

^oo -> £~ 6 /32, (a -> £~ 6 /16, /3 -> -2a) . 
In the limit £ — > 0, L/y goes to L 34 and 

H Iv ^^H u -^ + O(e ), (e->0). 



P3(I?7 1 ^) — >P1: We change the variables 

t^(£- 10 + £- 6 t)/2, y^l + 25 2 !/, z^£~ 2 z/2 : ' r ~" /y 



Then 



4v^2 2v^2' 

6 ^-l + 3v /= 2£ _5 /4, ^00 -> -1/2, 770 -> v^e 5 , 
(a -> 2, /3 -> -6, 5 -> 8£ 10 ) . 

H D7 - ^ 2 £ - I - I - 2e 6 W 7 + 0(£ 7 ), (£ - 0). 



For Ld 7 , we change 

at first. Changing the variable 

x -> 1 + 2e 2 a;, 

Ld 7 goes to L/ in the limit e — > 0. 
P3(Dj 1) )-2 -^Pl: We change the variables 

t -> (5- 10 + e- 6 t)/2, y - 1 - 2 £ 2 y, * - -rt/2 - ^L=, 

9 -> -1/2, ^ -> 1/2 - 3£- 5 /(2 v /z 2), ^oo -> >/=2e 5 , 
(a -> -6, (3 -> -2, 7 -> -8e 10 ) . 

Then 

For L Dt _ 2 , we change 



H„ T • • 4^ " " " (W/) - 2 + "(•''')• (e - 0). 



(0o-i)2 /2^ooa; 3t]oA 
it — > x ; exp u 



at first. Changing the variable 



x — > 1 — 2e 2 x, 



-^d 7 -2 goes to Lj in the limit e — > 0. 
P34— >P1: We change the variables 

i -> -ff£ 2 t + 6(j£" 10 , y -> 2e" 4 y - 2£~ 10 , z -> e 4 z/2 + ey + e~ 5 , 
/to -> -4e~ 15 (a -> 16^ 30 ) . 

Then 

^34 -> -ae- 2 Hi + 6a £ - 20 - a£~ 8 t + 0(e' 1 ), (e -> 0). 
For L 34 , we change 

at first. Changing the variable 

x -> 2e~ 4 a; - 2£~ 10 . 
Then L 34 goes to Lj in the limit e — > 0. 

P1_2^P2: This transformation is algebraic and we do not take any limit. We change the 
variables 

* -> e~ 2 t + 6£~ 2 # 2 , y -> £~ 4 y - £ _1 0, z -> ez - 2e#y + Ae9 2 , 
v = e 3 ,f3 = e 5 e, (a = e 6 , (3 = e 5 6) . 

Then 

Hi_2 = e 2 (^TLn + - — 2 t 
for a = 46> 3 in P2. For Li_ 2 , we change 

/ /3a; 2 2/3 2 aA 
u — > exp 1 — u 



at first. Changing the variable 

X — > E X — 6^9, 

L12 is changed to Lji for a = 48 s . 
P2— >P1: We change the variables 

t -> eH - 6e~ 10 , y^ey + e~ 5 , z -> + (ey + e~ 5 ) 2 + {e 2 t - 6£- l0 )/2, 

a -> 4e" 15 . 

Then 

ft 7J = £ - 2 ^ 7 - 6e- 20 + £ ~ 8 t - e- 5 /2 + O(e), (e -> 0). 
For Lj/, we change 

u — > exp 1 ) u 

V3 2,/ 

at first. Changing the variable 

—5 

X ^ £" ^2/ I £" 1 

L// goes to Lj in the limit £ — > 0. 

Remark. In [8], there is a misprint in P3 ^P2. 

5 Isomonodromic deformations of SX-type 

We will list up five types of isomonodromic deformations of SX-type. This part is the 
revision of the section 4.4 in |Hj. The isomonodromic deformation of SX-type is 

d 2 u 

du a (t f) du l dA(x,t) 

The compatibility condition is given by 

p t {x, t) = 2p(x, t)A x (x, t) + A(x, t)p x (x, t) - ^A xxx (x, t). 

In the following list, p(x,t) contains a Hamiltonian K. The compatibility condition is 
the Hamiltonian system with the Hamiltonian K. Eliminating z, we obtain the Painleve 
equation on y, which is an apparent singularity of the linear equation. We remark that 
R. Fuchs studied the isomonodromic deformations of SL-type for P6 [2] . 

Type (4), (7/2) : Pl_2(a,/3) 



p(x, t) = ax 4 + A(3x A + atx 2 + 2(3tx + 2K 1>2 + 



4(x — y) 2 x — y' 

A(x,t) = — r, 
2(x - y) 

K h2 = Z --(3(2y 3 + ty)-^(y i + ty 2 ). 



Type (l)(3),(l)(5/2) : P4_34'(a, /3, 7) for a = 1, P4_34(a, /3, 7) for a = -1. 

7 / 2 , n . ±2\ , P , ^ , ° ~~ 1 , °" A 4,34 , 3 yZ 



A(x,t) 



ax 



x-y 



o — a ) / \ a l < \2 

^4,34 = ^ - crz + — — y((jy + t) - -yy(y + <rt) • 



Type (2) 2 ,(2)(3/2),(3/2) 2 : P3'(a, 0, 7, S) 



p(x,t) 
A(x) 



dnt o! n t tKiu a,' 

-V + -T + F + — + «oo + 

x 4 x^ or x 
yx 



J/2 



4(x — y) 2 x(x — y)' 



t(x - y) ' 



. 22 / 2 

= y z -yz- — — - a ooV - a ooy , 



w y 
A > A 

16' % ~ 8 : 



7 



a 



Tfepe (l) 2 (2),(l) 2 (3/2) : P5(a,/?, 7 ,<5) 
p(x,*) 
A(x) 



z(y - l)y Qoo ao 



(x — l) 4 (x — l) 2 x (x — l) 3 x(x — l)(x — y) (x — l) 2 x 2 4(x — y) 2 ' 
y — 1 x(x — 1) 



t x-y 



tK y = y{y - If 



ait 2 



(y-1) 4 (y-1) 



a 2 t 2 

+ z 



1 1 
- + 



y 



(y-1) 2 y 2 



/3 1 5 7 1, 3 

«o = - g - 4' °i = ~2> ° 2 = ~2 ' a °° = 2^ + ' ' ~ 4" 



T^e(l) 4 : P6(a,/3, 7 ,5) 



p(x,t) 



a 



+ 



ai 



+ 



+ 



61 



+ 



x 2 (x-1) 2 x(x-l) (x-t) 2 4(x-y) 2 
t(t - 1)K Y1 y(y - l)z 



+ 



A(x) 



x(x — l)(x — t) x(x — l)(x — y) ' 
y — £ x(x — 1) 



f ( f _l) 

y{y- i)(y-t) 
/(/- i) 



1 1 



y y-i J y 2 (y-i) 2 y(y-i) (y-^) 5 



1 7 1 1 1 

a = - 2 - 4, ai = 2 ^ 4' 6 i = ~2 5 ' a °o = ^(^ + - 7 + ^ - !)• 



If we set ct = in Pl_2, we obtain the standard isomonodromic deformations of SL-type 
for PI. If we set 7 = in P4_34, we obtain the SL-type for P34. If we set 7 = in P3', 
we obtain the SX-type for ~P3'(D^). If we set 7 = 0, 5 = in P3', we obtain the SX-type 
for PS'(D^). If we set 5 = in P5, we obtain the SL-type for deg-P5. 



We show the standard isomonodromic deformations of SX-type for P2 and P4. 
P2(a): 

3 z 

p(x, t) = x 4 + tx 2 + 2ax + 2K U + — — , 

4[x — yy x — y 

A, N 1 1 

A{x,t) = - , 

2 x — y 

2 ^ 4 ^j. 2 



P4(a,/3): 



f ^ - ^° j- _i_ , ( x + 2t \ 2 3 yz 

p ^ l >- X 2 + 2x +ai+ \ 4 y + 4(a;-y) 2 x{x - y\ 

Ax = , 

o 2a n / y + 2t 

K w = 2yz 2 -2z - 2a lV - 2y ' 

y 



a °~~8 ~4' ai ""I- 



/3 1 a 
~8 

Remark. In 0, there is a misprint in f^rv 
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